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We cons ide r  a v o r t e x - s i n k  gas flow in a space  between two p a r a l l e l  p la tes  pe rpend i cu l a r  to the ro ta t ion  axis  and 
s e p a r a t e d  by a d i s t ance  h. We a s s u m e  a s p h e r i c a l  p a r t i c l e  of d i a m e t e r  d is  added to the flow. If the pa r t i c l e  does not 
i n t e r ac t  with the plane,  then as  it moves  along with the flow under  s t eadys ta te  condi t ions  it  wil l  t r a c e  out a c i r c u l a r  
orb i t  whose r ad ius  is  found f r o m  the equat ion fo r  the ba lance  of the r ad ia l  f o r c e s  act ing on the pa r t i c l e :  

~id 2 pVr2 
~- :~d3p1 - ~  = ~ -~- -'~ - �9 (1) 

Equat ion (1) r e f l e c t s  the fac t  that the cen t r i fuga l  f o r c e  is  ba lanced  by the rad ia l  drag~ Here  v r and v(p a r e  the 
r ad ia l  and tangent ia l  components  of the flow ve loc i ty ,  p and Pl a r e  the gas and p a r t i c l e  dens i t i e s ,  and ~ is fhe p a r t i c l e  
d rag  coeff ic ient .  F o r  a v o r t e x  sink of an i n c o m p r e s s i b l e  l iquid,  we have 

r Q 
v ~ : 2 ~  r , Vr:--~,~r" 

Using this and Eqo (i), we find the equilibrium orbit to have a radius 

4 Pl fF\~ 
, d .  (2) 

Here F and Q are the circulation and flow per unit length of the vortex sink. 

An experimental study of the motion of a particle in an vortex chamber does not verify Eqo (2); two 

characteristic properties of this motion are found~ First, under steady-state conditions, the particle does not rotate 

along with the flow, but lags behind it significantly; second, the particle interacts intensely with the chamber walls, 
undergoing many collisions of a more or less periodic nature with both walls. These two features are obviously 

related to each other; i.e., the lagging of the particle behind the flow is due to loss of ang~tlar momentum by the 

particle during its collision with the wall. The condition for steady-state motion would be that this loss be balanced by 

the twisting effect of the flow. At a sufficiently high flow rate the particle velocity does not depend on the orientation 
of the chamber in the gravitational field; therefore, we neglect this orientation below. 

As a result of a collision of the particle with the wall, the particle will not only lose normal and tangential 

components of its initial momentum, but it will also acquire an angular velocity w; accordingly, a transverse Magnus 

force must be added to the forces acting on the particle~ The magnitude of this Magnus force can be approximated on 
the basis of the following arguments~ 

Consider a sphere of radius a rotating at angular velocity aJ is encompassed by a flow at velocity V directed 

perpendicular to the rotation axis. At a distance z from the center of the sphere, we single out a layer of thickness dz 
perpendicular to the rotation axis. By analogy with airfoil theory for an airfoil of finite wing span, we assume the 

"planar-cross section" hypothesis; i. e., we assume that the flow pattern near a given layer does not differ from the 
planar flow of a circle with circulation F = 27r~ (a 2 - z2). The transverse force dF acting on the layer dr is calculated 
from the Zhukovskii equation dF = pvFdz (pvF is the force per unit length of an infinite cylinder). For the total force 
F, we find 

4 p 
F ~ 2pv .) F dz = 2 "~- ~ t a S p ~  = 2 m  ~ coy ,  

o 

w h e r e  m is  the m a s s  of the pa r t i c l e .  

The secondary flow from the equator toward the poles which arises around the rotating sphere [I] has not been 
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taken into account, so this equation should yield slightly exaggerated values of the transverse x force. However, an 
experimental check of this equation [2] shows that the correction may be neglected for rapidly rotating small particles. 
Taking into account the direction of the Magnus force, we finally write 

F:2m-~-a [m• I ( u : w - - v ) .  (3) 

H e r e  u and w a r e  the p a r t i c l e ' s  r e l a t i v e  and absolute  ve loc i t i e s ,  r e spec t ive ly .  When the t r a n s v e r s e  fo rce  is taken into 
account ,  the equat ion of mot ion  of the p a r t i c l e ,  which is exper ienc ing  quadra t ic  drag,  b e c o m e s  

dw p 3 ~  p 
d t  - -2-~-[o,  u ] - - T T ~ - l ~ l u  , (4) 

I u F = 17 (Wr - -  v~,)* + (v,~, - -  %)2 -}- (w, - -  v~)2 ' 

where  w r = v z = 0. We a s s u m e  lu] is constant.  When the pa r t i c l e  lags  only s l ight ly  behind the flow, we have ]u] ~ IVrl; 

when we  << v~0 , we have 

We now imagine  that we unfold the cy l ind r i ca l  su r f ace  in which the p a r t i c l e  is moving  into a plane; i~ e . ,  we 
cons ide r  the p lanar  mot ion of the p a r t i c l e  be tween two p a r a l l e l  p lanes  under  the inf luence of a t r ans l a t iona l  flow at 

ve loc i ty  v = v~0~ The f a m i l i a r  jus t i f i ca t ion  for  this approx imat ion  is  the fac t  that a pa r t i c l e  moving  along a cy l ind r i ca l  
�9 su r f ace  acqu i r e s  an angular  ve loc i ty  r d i r ec t ed  r ad ia l ly  when it  co l l ides  with the wall .  

Acco rd ing  to Eq. (3), the t r a n s v e r s e  f o r c e  does  not acqu i r e  a rad ia l  component.  The assumpt ion  of the constant  
v t r a n s v e r s e  to the flow is  based on a r a t h e r  l a r g e  value  of the co r r e spond ing  Reynolds  number ,  under  which condit ions 
the r e l a t i v e  th ickness  of the x boundary l a y e r s  is smal l .  P r o j e c t i n g  Eq. (4) onto the coord ina te  axes ,  we find 

d u  x d u y  

-d}- = uy  - -  )~ux; dr. - -  - -  v~x - -  ~ u y ,  

3 ~ 1~1 (5) t 1 P - - o  ! ; ~ = ~ -  d ~ " T = "-~- , "-~'-~- 2 p 1 , 

(For  convenience  h e r e ,  the sign of r has been changed, so that w is a s s u m e d  constant  when the p a r t i c l e  r o l l s  f r o m  

lef t  to r igh t  along the hor izonta l  plane. ) The solut ion of sy s t em (5) i s  

W x  = v + e - x *  (.4 cos  "~ + B sin v), W u = e -x* (B cos "r -- A sin T). (6) 

whe re  A and B a r e  a r b i t r a r y  constants .  

To d e t e r m i n e  the ef fec t  of the Magnus fo rce ,  we cons ide r  the fol lowing example~ We a s s u m e  that t he r e  is  no 
r e s i s t a n c e  fo rce ,  so that 2, = 0. We fu r the r  a s s u m e  that w x = Wy -~ x = y = 0 when r = 0, and that the second plane is  

absent.  In this  case ,  we h a v e B =  0, A = v ,  and 

Wx = v ( t  ~cosT), w u =  t, s i n  v ,  

z = u v ( x - - s i n x ) ,  y = z v ( l - - c o s ~ ) .  

The l a s t  two equat ions a r e  the p a r a m e t r i c  equat ions  of a cycloid.  Under  the inf luence of the Magnus fo rce ,  the p a r t i c l e  
s t a r t s  to move  v e r t i c a l l y  upward, and then tu rns  to the right.  At ~- = ~, it r e a c h e s  i ts  h ighes t  point x = 2zv, at which 
w x = 2V, and then descends  along a t r a j e c t o r y  s y m m e t r i c  with r e s p e c t  to the ascen t  t r a j e c t o r y .  Dur ing each cycloid  
spacing,  the Magnus f o r c e  changes  sign twice: at T = # / 2  and 37r/2, whenwx = v. In the gap ~/2 < r < 3rr/2, the pa r t i c l e  
moves  m o r e  rapid ly  than the flow, so the Magnus fo r ce  is  d i r ec ted  v e r t i c a l l y  downward. The a v e r a g e  hor izon ta l  
p a r t i c l e  ve loc i ty  ove r  the per iod  is  (Wx> = v despi te  the absence  of drag.  The co l l i s ion  of the p a r t i c l e  with the 
p lane  may be i n t e rp re t ed  as the r e su l t  of an impu l s ive  f o r c e  with impulse  I. We have the fol lowing re la t ion:  

m A w  x = I x ,  m A w y  ~ I v ,  JAr ~ = -  1/e d I  x . ( 7 )  

H e r e  we have Aw = w+ - w- ,  where  the plus sign and minus  sign denote quant i t ies  be fore  and a f te r  the co l l i s ion ,  
r e spec t i ve ly ;  and J = 0.1 md 2 is  the momen t  of i ne r t i a  of the sphere .  It fol lows f r o m  the f i r s t  and l a s t  of Eqs.  (7) that 

A w x  = - -  ]/5 dAo) .  ( 8 )  

Sys tem (7) contains  f ive  unknowns: Wx +, w~, 60 +, I x, and Iy; we m u s t  t h e r e f o r e  find two m o r e  r e l a t ions .  
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F o r  t h e  f i r s t  r e l a t i o n ,  we  u s e  t h e  N e w t o n i a n  e q u a t i o n  

Wy + = - -  ~Wy- 

w h e r e  # i s  t he  N e w t o n i a n  " c o e f f i c i e n t  of r e s t i t u t i o n .  " 

(9) 

To find the missing relation, we note that during a frictional collision, two cases are possible: first, the particle 

stops sliding along the surface during the collision, and 

Wx + = % ~+d ; (10) 

s e c o n d ,  t h e  p a r t i c l e  c o n t i n u e s  to  s l i d e  a f t e r  t h e  c o l l i s o n .  In the  l a t t e r  c a s e ,  t h e  " d r y - f r i c t i o n "  l a w  i s  u s e d :  I x = f I y ,  
w h e r e  f i s  t h e  c o e f f i c i e n t  of f r i c t i o n .  W h i c h  c a s e  a c t u a l l y  o c c u r s  d e p e n d s  on t he  s u r f a c e  p r o p e r t i e s  and  on  t he  a n g l e  a t  

w h i c h  t h e  p a r t i c l e  s t r i k e s  t h e  p l a n e .  B e l o w ,  w e  c o n s i d e r  on ly  t h e  f i r s t  p o s s i b i l i t y ,  and  u s e  Eq. (10). 

T h e  p r o b l e m  of  s e e k i n g  t h e  s t e a d y - s t a t e ,  i. e . ,  p e r i o d i c ,  m o t i o n  of  t h e  p a r t i c l e  i n  a f low b e t w e e n  t h e  two p l a n e s  

i s  f o r m u l a t e d  in  t h e  f o l l o w i n g  m a n n e r .  W e  c o n s i d e r  t he  p a r t i c l e  m o t i o n  b e t w e e n  c o l l i s i o n s .  At  t h e  i n s t a n t  t he  p a r t i c l e  

l e a v e s  t h e  l o w e r  p l a n e ,  we  a s s m n e  T = 0, W x = WX, Wy = W;, T h e  i n d i c e s  w i l l  b e  o m i t t e d  f r o m  t h e  c o r r e s p o n d i n g  
q u a n t i t i e s  f o r  t he  i n s t a n t  a t  w h i c h  the  p a r t i c l e  c o l l i d e s  w i t h  t he  u p p e r  s u r f a c e .  

We assume the angular velocity co of the particle is constant during the motion. The periodicity condition requires 
the following: 

u, x ~  +, u , , y ~ = w u +  , w x ~ w x - ,  w u = - w u - ,  h c o : 2 o ~ .  

Applying these equations to Eqs. (8)-(I0), we find 

w~ ~ : 5/o w~, w~ ~ : p.u~,, 112 cod = w x  ~ . ( 1 1 )  

E q u a t i o n s  (ii) s h o w  how  t he  p a r t i c l e  v e l o c i t y  s h o u l d  i n c r e a s e  d u r i n g  i t s  f r e e  f l i g h t  u n d e r  t he  i n f l u e n c e  of t he  M a g n u s  

f o r c e  in  o r d e r  t h a t  t h i s  i n c r e a s e  c o m p e n s a t e  f o r  t he  l o s s  d u r i n g  the  c o l l i s i o n a n d  in  o r d e r  t h a t  p e r i o d i c  m o t i o n  b e  
p o s s i b l e .  

F r o m  c o n d i t i o n s  (11),  we  c a n  d e t e r m i n e  t he  c o n s t a n t s  A a n d  B in  (6): 

4v 
B ---~ ~ }re -:x~ sin ~ , A = --  ~ -  (1 --  IXe-X~ cos J ,  

A ~ 9 -Jc" 5p,e -2x, - -  (9 -'I- 5~) e -•" cos ~'. (12) 

To determine ~" we specify the distance between planes~ Integrating the second of relations (6), and Using (12), we 
find 

~zv 
h = (1 + ),=)~ [t + l~e -2x" --  (t + ~t) e -x" cos �9 --  )~ (1 --  p~) e -x" sin T]. (13) 

The last of relations (Ii) yields 

cod 5v 
2 --  a [1 + ~ae -2~ -- (l + ~) e -z: cos "~1 �9 (14) 

T h e  u n k n o w n s  w and  T s h o u l d  b e  d e t e r m i n e d  f r o m  Eqs .  (13) a n d  (14). 

We can calculate the average translational velocity of the particle, (Wx) = x/xr. Integrating the first of relations 
(6), we find 

( i  -< 7.~)v <wx> = 1 + ~2 _ ~ {~ [t  + l~e -~ '"  - -  (t  + ~) e -x'~ cos "q -t- (1 - -  p.) e -x'~ s~n ~} .  

U s i n g  E q s .  (13) and  (14),  we c o n v e r t  t h i s  to  

2 cod 
<w=> = v --  --y 2~" (l - ~) (~----- 5 ~ h )  " pl (15) 
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U s i n g  the  no t a t i on  

we  f ind 

B = 3 / 8 0  C l u l ' ,  (16) 

o =  0 I~/~ .  (17) 

T h e n  Eqs .  (13) and (14) b e c o m e  

t -- E (1 -- Ix) e'-Z~ sin v = c/(1 + ~,2), 
1 + ~e-~x"--(t+ ~) e -x" cos 

)~ 1 + I~e -~}'~ - -  (1 + 10 e-X": cos  ~ = ~. 
9 + 51~e -zx, -- (91~ + 5) e - ~  cos 

H e r e  X and T a r e  unknowns.  U s i n g  Eqs .  (12), (13), and (14), we f ind 

(is) 

o o 

In o r d e r  to h a v e  Wy _> 0, we  m u s t  h a v e  a _< 1 / (1  + k2)o When Wy = Wy = 0, we  h a v e  ~- = 7r ( the m a x i m u m  p o s s i b l e  
p a r t i c l e  v e l o c i t y  is  ~x> = u(1 - 47r-lafl). When a > 1/(1  + X2), t h e r e  can  be  no p e r i o d i c  mo t ion .  

I t  is  d i f f i cu l t  to f ind the  e x a c t  so lu t ion  of (18), so  we l i m i t  o u r s e l v e s  to an a p p r o x i m a t e  so lu t ion ;  i . e . ,  we s e t  

<Wx> ~ Wx ~ + w x  
2 

. h w~t ~ 2r" w y  <wu> = ~ -  ~ .  (19) 

The use of Eqs. (19) does not produce a large error for vz values which are not too large, since the functions 
x(~) and y(1-) increase monotonically for c~ < 1/(1 + 12). Substituting (11) into (19), we find 

:~> - -  - 5 -  u'~~ 

cod = <Wx> , 

h t l - - p ,  o3d [ i - - a ( t + ~ g ] .  

F u r t h e r m o r e ,  u s i n g  (17), we f ind 

~, = 76d<Wx> �9 

Subs t i t u t i ng  t h e  w, X, and ~- v a l u e s  into Eq.  (15), we find the  cub ic  e q u a t i o n  

( i - - ~ ) 2 z Z +  cr [b - -  a ( l  - -  a ) ]  z - -  ab  = 0 ,  

z= <wx> a=4% 2, b =  7(I--]~)49~2. 
v ' 20  § 

(20) 

E q u a t i o n  (20) i s  c o n v e n i e n t l y  a n a l y z e d  t h r o u g h  a c o n s i d e r a t i o n  of the  el(z) d e p e n d e n c e .  S o m e  s t r i g h t f o r w a r d  
m a n i p u l a t i o n s  y i e l d  

Ct= 2z a + [ b + ( a - b )  z I -  ] / ' [b+ (a--b)z] 2 ~ . 4 b ( l - z )  z 3 
2 (z~ + az) ' (21) 

f r o m  which  i t  f o l l o w s  tha t  a(0)  = 0 and (~(1) = 1/(1  + a). When  a << 1, we  f ind f r o m  (20) tha t  

( ~2 P 1 - - ~  h ~ ' )  
Z = (~b) l/3 = 21/~ (C)"' ; = T~ -P7 1-~ ~ d ~ (22) 

T h i s  e x p r e s s i o n  l o s e s  i t s  v a l i d i t y  a t  # v a l u e s  c l o s e  to uni ty .  When # = 1, we h a v e  

aCt U~ 
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We note that Eq. (22) can be found directly from Eqs. (6) and (II) by setting sin T ~ T, cos ~- = I, and e -k~" ~ 1 - 

- kr, which is a valid procedure when ~- << i. The aecompanying figure compares some experimental data and some 

data calculated from Eq. (23). The experiments were earried out in a vortex chamber about 300 mm in diameter. 

Points i in the figure corresponds to plexiglas spheres 1 and 2 mm in diameter; points 2 corresponds to a steel 

sphere !mm in dian~eter (~ = 0.9 and ~ = 0.01); and points 3 correspond to a plexiglas sphere 3 mm in diameter (# = 

0.57 and ~ = 0.02). The agreement between theory and experiment is seen to be completely satisfactory. The experi- 

ments will be described in a separate communication. 
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